By using the renormalization group (RG) equation it has proved possible to sum logarithmic corrections to quantities that arise due to quantum effects in field theories. In particular, the effective potential V in the Standard Model in the limit that there are no massive parameters in the classical action (the "conformal limit") has been subject to this analysis, as has the effective potential in a scalar theory with a quartic self coupling and in massless scalar electrodynamics. Having multiple coupling constants and/or mass parameters in the initial action complicates this analysis, as then several mass scales arise. We show how to address this problem by considering the effective potential in scalar electrodynamics when the scalar field has a treelevel mass term. In addition to summing logarithmic corrections by using the RG equation, we also consider the consequences of the condition V ′ (v) = 0 where v is the vacuum expectation value of the scalar. If V is expanded in powers of logarithms that arise, then it proves possible to show that either v is zero or that V is independent of the scalar. (That is, either there is no spontaneous symmetry breaking or the vacuum expectation value is not determined by minimizing V as V is "flat".) * fbrandt@usp.br † fchishtie@uwo.ca ‡ dgmckeo2@uwo.ca
Introduction
The effective potential [1] [2] [3] [4] has long been an integral part of both electroweak theory and cosmology. In particular, it has provided a way to endowing non-Abelian vector Bosons with a mass without destroying renormalizability (see any current text; eg Ref [5] ) 1 . The possibility that the spontaneous symmetry breakdown responsible for this is entirely due to quantum effects and that all mass scales are a consequence of there being a radiatively induced mass has been introduced in [1] and further considered in [8] [9] [10] [11] . In these latter two references, the RG equation has been used to sum logarithmic corrections due to radiative effects; the one-loop RG functions plus the classical potential yields the sum of all leading-log (LL) effects, the two-loop RG functions plus the log independent part of the one-loop effective potential yield the next-to-leading-log (NLL) effects, etc. This approach has been used in the calculation of cross sections [11] , in relating the bare and renormalized coupling in dimensional regularization [12] , in thermal field theory [13] as well as with the effective potential [8] [9] [10] [11] [14] [15] [16] .
Summing theses radiative effects is made more complicated if in addiction to the radiatively induced mass µ 2 there is a tree level mass parameter m 2 associated with the scalar field. Since the classical conformal symmetry present if m 2 = 0 is broken by quantum effects (at least at the perturbative level) there is no reason for setting m 2 = 0 other than desire for simplicity, though it also is relevant in aspects of the scale hierarchy [17] and fine-tuning [18] problems. We are thus motivated to consider the possibility of summing radiative effects when m 2 = 0; we will also consider having multiple couplings.
There have been several approaches to employing the RG to treat situations in which there are multiple mass scales. One of these is to have a number of different radiatively induced mass scales and to have an RG equation associated with each of them [24, 25] . Another is to retain a single radiatively induced mass scale µ 2 and the rewrite log [15, 16] . We will employ the later approach. In addition to arranging perturbative contributions to the effective potential in such a way that the RG equation can be used to sum the LL, NLL etc. contributions, one can also simply write the effective potential as a sum of a log-independent contribution, a contribution linear in the logarithm, a term quadratic in the logarithm et. Once this is done then a summation can be performed in which not only is the RG equation used, but also the condition that V be minimized at the vacuum expectation value of the scalar field φ. By using these two conditions, it not only proves possible to express the effective potential in terms of its log-independent contribution, but also to show that all dependence of V on the scalar field cancels provided there is spontaneous symmetry breaking. Having the effective potential independent of the scalar field does not exclude the possibility of spontaneous symmetry breaking, it just means that the vacuum expectation value of the scalar does not occur at a local minimum of the effective potential as it is now flat. This has been demonstrated in a simple scalar theory with a quartic self coupling, in massless scalar electrodynamics. as well as a massive scalar theory with a quartic self coupling [19] [20] [21] . Below we will first review the simple massless scalar model and then we will demonstrate that this result also holds in models in which the scalar field has a tree-level mass and there are multiple couplings, first by examining massive scalar electrodynamics and then the Standard Model.
As a check on the validity of our expression for V we will demonstrate that it satisfies the RG equation.
The Effective Potential
We shall start by reviewing how the RG can be used to sum certain higher loop contributions to the effective potential in a massless scalar theory with a quartic scalar coupling. Starting from the action [19] 
we compute the effective potential V , which has the form
where, if we use the CW renormalization condition [1] 
Since changes in the (unphysical) renormalization scale µ must be compensated by corresponding changes in the other parameters that characterize the theory (in this case λ and φ) we find that
where
and
Together, Eqs. (2, 5, 6) result in the recursive equations
with the boundary condition
The solution S n (ξ) gives the N n LL contribution to V [8, 14] .
We note that the solution to Eq. (5) (2); these RG function coefficients also contribute to all S k (k > m − 2). In fact, we see that since S n has the form
(w = 1 − b 2 ξ/2, Λ = log |w|) then recursive relations can be found for the coefficients σ n i,j [22] ; for example we find that (9) gives a portion of all S n (n > 1) even though with b 2 , b 3 , g 1 , g 2 only S 0 and S 1 can be determined exactly.
We can also examine the general form of the solution to Eq. (5) using the method of characteristics (moc) as the RG equation is a linear first-order partial differential equation [23] . We introduce characteristic functionsμ(s),λ(s),φ(s) andV (s) satisfying
is a solution to Eq. (5). From Eqs. (10a-d) we find that
where t is a parameter associated with the constants of integration arising in Eqs. (10a-d) [23] . Using Eqs. (12), we find that since
are independent of s, a general solution for V by (11) is given by
where F is determined by boundary conditions in Eq. (5). If now we write Eq. (2) as
then together Eqs. (5,15) lead tô
We note that
By Eq. (20), V in Eq. (19) is of the form Eq. (14) and thus the RG equation of Eq. (5) is satisfied. In order to find the function A 0 (λ) we impose a second condition on V in addition to the RG equation (5) . This second condition is
where v is the vacuum expectation value (vev) of φ. Substitution of Eq. (15) into (21) leads to
One solution to Eq. (22) is
in which case there is no spontaneous symmetry breaking. If v = 0, then we can chose µ = v leading to
The actual value of λ(v) is unspecified, and hence Eq. (24) is a general functional relation between A 1 (λ) and A 0 (λ). When n = 0 in Eq. (17) (which follows from the RG equation)
Together, Eqs. (24, 25) lead to
whose solution is
From Eqs. (27) and (19) we find that
But by Eq. (18a),
So that upon substitution of Eq. (30) into (29) V
and all dependence of V on φ drops out. If instead of combining Eqs. (24) and (25) to obtain Eq. (31), we had taken Eq. (22) to hold for each of the coefficients of log n v µ , then we would have
and not just Eq. (24) . Now combining Eqs (15) and (32) we obtain
For Eq. (33) to satisfy the RG equation (5), A 0 (λ) is given by Eq. (27) .
Having a "flat" effective potential in which V is independent of φ (Eq. (31)) does not mean there cannot be spontaneous symmetry breaking; it just mean that the vev of φ cannot be fixed by finding a local minimum of V . Having V independent of φ is not the same as saying that Eq. (21) is satisfied at the particular value φ = v.
After reviewing the situation in which there is a single massless self interacting scalar field, we now examine scalar electrodynamics in which the real scalar φ has a quartic self coupling λ, a mass m and a Yukawa coupling g with a massless spinor. In this case, the one-loop effective potential is [26] 
when using dimensional regularization. In general V is given by
Following the approach of ref [15] we now write
and so Eq. (35) can be rewritten as
where ξ = λΛ 1 and
In Eq. (39), F (p) is the N p LL contribution to V .
Taking the RG equation for this model to be
(ignoring the cosmological term [14-16, 24, 27] )
From Ref. [24] we have the one-loop results 1 − 48r
which is just the tree level potential. The boundary condition for F (2) would come from the one-loop correction to V . One can now expand F (1) itself so that
Eqs. (44,46) together show that
Upon definingr(t),z(t) so that
withr(0) = r ,t(0) = 0, and
then by Eqs. (48a-d) and (50)
Upon combining Eqs. (46), (47), (50) and (51) we find that
Upon setting t = 0, Eq. (53) reduces to
To obtainz(t) we return to Eqs. 
From Eqs. (56,58) we can implicitly obtain
in (55); that is, we have V LL .(The function t(U) is defined in Eq. (52).) We now will re-express the sum in Eq. (38) as
in much the same way as Eq. (15) 
Just as Eq. (21) leads to Eq. (22), we see that
and so Eq. (21) either implies that v = 0 (so that the vev of φ is zero) or
Together, Eqs. (59,62,63) result in
but by Eq. (63a)
and so, by Eq. (65), Eq. (64) becomes
As with Eq. (33), V in Eq. (66) is independent of φ -the potential is again "flat" with the vev not being determined by the location of a local minimum of V if it is non-zero. As a check on the validity of Eq. (66), we note that Eqs. (60) and (61) imply that
By combining Eqs. (67a) and (67b) we arrive at a differential equation for A 0 (λ, r, z); upon using this equation and (from Eq. (63a))
it follows that V as given by Eq. (66) satisfies the RG equation of Eq. (41). We are currently examining the solution for A 0 (λ, r, z) that follows from Eqs. (67a) and (67b). We can employ the techniques used to examine the massive scalar electrodynamics to investigate the effective potential in the Standard Model. If we have a single SU(2) Higgs doublet with a classical potential
and SU(2) coupling g, U(1) coupling g ′ , SU(3) coupling g 3 and top quark Yukawa coupling h, then the following logarithms appear in radiative corrections to the effective potential
(70a-e) just as was done in the massive scalar electrodynamics in Eq. (37), we can reduce all of these logarithms to Λ 1 . For example, we can write
The analogue of Eq. (38) now becomes
the LL contribution to V is
The RG equation
when used in conjunction with the one-loop RG functions [28] leads to an equation of the form
One can apply the arguments applied to V above to compute the LL contribution to Z in the Standard Model. In much the same way that Eq. (78) follows from Eq. (69), it follows that Eq. (85) leads to
This is consistent with the result given in ref [29] . We cal also expand the effective potential in the Standard Model in the same way Eq. (59) was used to expand the effective potential in massive scalar electrodynamics
Again applying Eq. (21) we are led to Eq. (61); we then are led to
in the Standard model, just as Eq. (66) arises in massive scalar electrodynamics. Once again, V has no dependence on φ provided the vev of φ is non-zero, and this vev is not determined by a local minimum of the potential. We are currently examining the solution for A 0 in the limit of the coupling λ being dominant.
Discussion
We have discussed the effective potential in a massless self-interacting scalar model, in massive scalar electrodynamics and the non-conformal Standard Model. In all three cases, the RG equation can be used to sum N p LL contributions to the effective potential. In addition by applying the minimization condition of Eq. (21) it follows that either the vev of φ vanishes, or the effective potential is independent of φ.
In the latter two models we have several coupling constants and several mass scales. We have followed Ref. [15, 16] and re-expressed all logarithms in terms of Λ 1 and used a single RG mass scale µ; in principle a logarithm other than Λ 1 could have been employed. In the Standard Model we have taken λ to be the dominant coupling, larger than g, g ′ , g 3 or h. This is consistent with the results of Refs. [9, 10] . We note that in Ref [1] , Eq. (61) is used in conjunction with the one loop contribution to V in massless scalar electrodynamics to fix a relationship between the gauge and quartic scalar coupling at mass scale µ = v; we have used it to relate A M +1 to A M without relating the couplings (which, after all, should be independent).
We have ignored the issue of gauge dependence in our considerations of the effective potential. For a recent discussion of this problem, see [30] .
A discussion of the phenomenological consequences of these formal results will be forthcoming.
